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Abatraet-A numerical approach is used to solve hyperbolic heat conduction in a semi-infinite medium where 
the boundary at x = 0 is subjected to a surface heat flux and dissipates heat by radiation into an ambient at 
temperature T,. The results are compared with those obtained from the standard parabolic heat conduction 

equation. 

INTRODUCTION where the relaxation time r is defined as 

THE CLASSICAL parabolic heat conduction equation 
breaks down at temperatures near absolute zero, or at 
moderate temperatures when the elapsed time during a 
transient is extremely small. In such situations, the 
wave nature of thermal transport becomes dominant, 
hence a thermal disturbance travels in the medium with 
a finite speed of propagation. This is in contrast to the 
infinite speed of propagation predicted by the classical 
parabolic heat conduction equation. The non-Fourier 
heat flux equation leading to the hyperbolic heat 
conduction equation has been developed by several 
different approaches [l-7], and the existence of 
thermal waves propagating with a finite speed have 
been demonstrated experimentally [S, 91. Since then, 
several analytic and numerical solutions of such 
problems have been reported [lO-161. All solutions 
that have been previously presented involve linear 
boundary conditions. In this work, numerical solutions 
are developed for hyperbolic heat transfer involving 
non-linear, radiation boundary conditions, and the 
results are compared with those obtained by the 
standard parabolic heat conduction equation. 
MacCormack’s predictor-corrector method is used to 
perform the numerical computations for the hyperbolic 
equation, while a combined implicit/explicit method is 
used to solve the parabolic equation. 

r2 
2' 

Here, a is the thermal diffusivity and c is the velocity of 
propagation of the thermal wave in the medium. 
Clearly, r = 0 leads to the classical Fourier equation, 

aw, t) 
q(x,t) = -k- 

ax 

which implies immediate diffusion at an infinite 
propagation speed (i.e. c --) co), resulting in an instan- 
taneous, non-zero temperature gradient throughout 
the medium. With a non-zero value of r, the thermal 

wave propagates with a finite wave speed c = ,,@. 
Though the heat flux equation is different for 

hyperbolic and parabolic heat conduction, the energy 
equation remains unchanged for both cases. For one- 
dimensional, planar geometry, the energy equation is 
given by, 

aq(x, t) am, t) 
-~+9kt)=PCP~ 

where g(x, t) is the volumetric energy source, p is the 
density, and C, is the specific heat. The energy source, 
g(x, t) is taken to be zero for the cases considered here. 
Equations (l)-(3), subject to appropriate boundary and 
initial conditions, constitute the complete mathe- 
matical formulation of both the hyperbolic and para- 
bolic form of the heat conduction problem. 

FORMULATION 

A modified heat flux equation that accommodates 
the finite propagation speed of observed thermal waves 
was proposed by Vernotte [l] in the form 

adx, t) al-(x, t) 
v$- +4(&t) = -kax (14 

(1’4 

(3) 

Attention is now focused on a semi-infinite region 
0 < x < co, initially at a uniform temperature T@ 

The following two situations are considered here for 
comparison. 

(1) A heat flux f(t) is applied at x = 0, while the 
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NOMENCLATURE 

C speed of propagation .Y space variable. 

CP specific heat 
E, F, H vectors defined by equation (8) Greek symbols 

.L reference wall flux at x = 0 x thermal diffusivity 

f(t) wall flux at x = 0 
; 

surface absorptivity 

F0 vector defined by equation (18b) cjr 

F(5) dimensionless wall flux at ?I = 0 A,, A, second and third order correction 

Y(K r) energy generation rate per unit term, respectively, defined by 
volume equation (17) 

G amplification factor for V dimensionless space variable, cx/2a 
MacCormack’s scheme defined by 0, dimensionless ambient temperature, 
equation (15) T&/r, 

k thermal conductivity ()(V. 4) dimensionless temperature, 
n refractive index CWG r) - W/T 
N conduction-to-radiation parameter r, parameter used in equation (19a) 

defined by equation (11 b) 1’ Courant number, Ac/Aq 

q(x, r) heat flux i’ dimensionless time variable, c2t/2a 

Qh 0 dimensionless heat flux, q(x, r)/f, /I density 
t time variable (I Stefan-Boltzmann constant 

T, initial temperature 5 relaxation time, nic2. 

T, reference temperature, c&/kc 

T, constant ambient temperature Subscripts and superscripts 

T(x, t) temperature i spatial location 
~(5 -q) unit step function n time level. 

boundary surface at x = 0 dissipates heat by where&, t)is defined byequation(l)for the hyperbolic 
radiation into a medium at T,, and the heat transfer problem and equation (2) for the parabolic problem. 
is governed by the non-Fourier heat flux equation The hyperbolic problem defined by equations (1) and 
(la) and the energy equation (3). (3) is now given in the dimensionless form 

(2) A heat flux f(t) is applied at x = 0, while the 
boundary surface at x = 0 dissipates heat by a0 aQ 
radiation into a medium at T,, and the heat transfer 

,+-=o q>o, ;>o 
4 airl 

(54 

is governed by the Fourier heat flux equation (2) 

and the energy equation (3). $+$+2Q=O r/>O, <>O (5b) 

The boundary and initial conditions for both problems 
where the dimensionless time 5 and the dimensionless are taken as follows : 

Initial conditions : 

T(x,O) = 0 

q(x, 0) = 0 

Boundary conditions : 

@a) 

(4b) 

space variable q are defined as 

i” = ;; 

(‘x 
1=5 

@a) 

av, t) 1 am t) _=--___ 
at PC, ax 

40, t) = a,Cf: - T4(0, t)l -t f 0) 

T(x, t) = 0 x -+ co 

q(x, t) = 0 x -+ CD 

BT(x, t) -=o X-+~ ax 

a4k 0 -=o x-+m 
dX 

(&) 
and the dimensionless temperature 8(~, <) and heat flux 
Q(q, 5) are given by 

(44 

(44 

WI 

(7a) 

VW 

Vg) For the cases studied here, the initial temperature To is 
taken as zero and fi is a reference heat flux. 

(4h) 
MacCormack’s predictor<orrector scheme is used 

to solve the above hyperbolic problem. To apply this 
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method, the hyperbolic problem defined by (5) is 
expressed in vector form as 

where 

@W 

(84 

The parabolic problem defined by equations (2) and 
(3) is expressed in the dimensionless form as 

ae aQ -+-=o rf>o, (>O x all 
(94 

ae 
-+2Q=O q>O, c>O 
aq 

(9b) 

where {, q, t?(n, {), and Q(v, I$) are as defined previously. 
When (9a) and (9b) are combined, the non-dimensional 
parabolic heat equation is recovered 

The solution of equation (10) with a non-linear 
radiation boundary condition is obtained by using a 
combined implicit/explicit method. 

The dimensionless non-linear boundary condition at 
rl = 0 for both the hyperbolic and parabolic problems 
becomes 

Q@, 0 = ; Ce”, - PCJ, 01 + F(t) (114 

where 

k4c4 kS N=-----=_ 
n20a4f 9 - n2aT: 

Ulc, 4 

(lkf) 

F(@s taken equal to unity for the cases considered here. 
The physical significance of the conduction-to- 
radiation parameter N is better envisioned if it is 
rearranged as 

W) 

where T, is the reference temperature and /I has units of 
(length)-‘. Hence, we conclude that N represents the 
ratio of conduction to radiation flux. In equation (1 la), 
the value of aJN is the parameter that affects the 
linearity of the problem. Thus, the coefficient 

multiplying the non-linear term can be regarded as 

WW 

Thus, a small value of aJN corresponds to a negligible 
amount of radiative transfer at r] = 0, while a large 
value of aJN implies strong radiation, and hence an 
extremely non-linear problem. With u,/N = 0.0, there 
is no radiation, and the boundary condition (lla) 
becomes linear. 

An exact analytic solution is available for the 
parabolic heat conduction equation in a semi-infinite 
region 0 < q < cc subject to the boundary condition at 
r) = 0 obtained from equation (1 la) by setting a$N = 0 
and F(r) = 1. It is given by 

&I,0 = 2[Jexp($)-n erfc(&)]. (13) 

For the case of the hyperbolic heat conduction 
equation, an exact solution is also available [l l] for 
constant heat flux boundary condition. Such solutions 
are used as the base for comparing the effects of surface 
radiation on temperature distribution in the medium. 

NUMERlC,AL ANALYSIS 

The hyperbolic problem considered here involves a 
discontinuity at the wave front. MacCormack’s 
predictor-corrector scheme has been shown to handle 
these discontinuities quite well [16]; therefore it is 
chosen for the present study. This scheme can be 
characterized as an explicit, second-order accurate, 
predictor-corrector sequence for the integration of 
partial differential equations. 

Using this method, the finite-difference form of 
equation (8) becomes 

Predictor : 

@+l = El- $(Fr,,-F;)-&H~ (144 

Corrector: 

E;+’ =; El+c+’ 

UW 

where the subscript i denotes the grid points in the space 
domain, superscript n denotes the time level, and the 
tilde denotes the predicted value at time level n + 1. In 
the above finite-difference formulation, a forward 
differencing is used in the predictor, while backward 
differencing is used in the corrector. In some problems 
involving moving discontinuities, it may be advan- 
tageous to reverse this differencing in order to pre- 
vent instabilities. 

To establish the stability criteria, the amplification 
factor G was determined and found to be identical to 
that of the Lax-Wendroff scheme given by [17] 

G = l-v’(l-cos y)--iv sin y (15) 
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where v is the Courant number and 0 < y < ?t. Hence 
the stability criteria becomes 

AC r-61. 
Arl 

(16) 

However, with the presence ofnon-linear terms in the 
problem, it was necessary to use smaller Courant 
numbers, i.e. the larger the non-linearity, the smaller the 
value of v that must be used. As v is decreased, the 
number and amplitude of numerical oscillations 
increase because of increased magnitude of the 
truncated error terms. The modified equation can be 
used in such situations to account for the truncated 
error terms [lS]. In this approach, the vectors E and F 
in equation (8) are expanded in a Taylor series and the 
time derivitives higher than one are eliminated. After 
some manipulation on the derivatives, the modified 
equation is determined as, 

~+~+H+~A,+~*,+~(A~)=o (17a) 

where 

A, = &+-v’,$] 
A, = ;(~Iq)~[3v(l -v2)$j, 

(17b) 

(174 

Clearly, for v = 1, the error terms A, and A3 vanish and 
(17a) reduces to the original equation (8a). 

The implications of the error terms A, and A, in the 
numerical calculations are as follows. The odd 
derivative error term involving AZ produces a 
dispersion effect which distorts the phase relation 
between the waves and causes oscillations at the wave 
front. The even derivative term involving A, introduces 
a dissipative effect which tends to reduce the gradient of 
the wave front. Since these terms contain (A?)’ and 
(8~)~ coefficients respectively, adjusting the mesh size 
alters the relative effects of these two phenomena in 
distorting the wave front. 

Calculation of the error terms in the modified 
equation is important because it is the modified 
equation that is actually solved when equation (8) is 
integrated by MacCormack’s scheme. If the error terms 
are significant (i.e. v much less than one due to large 
non-linearities) it may be necessary to correct equation 
(8) to account for them. This is done by subtracting the 
error terms from (8), which then becomes 

iiE dF, 

z+s-+H=o 
(184 

where 

F, = F-AZ--A,. WW 

When MacCormack’s method is applied to equation 
(18), the resulting modified equation does not contain 
A, or A,. In solving (18), some error is expected to be 
introduced due to the computation of A2 and A3. This 

additional error is of fourth order for A2 and fifth order 
for A3 since second-order accurate approximations are 
used on second- and third-order error terms. 
respectively. As stated previously, when v is close to 
unity, no modified equation correction is necessary, but 
when v is much smaller than one. the corrections may 
prove to be extremely helpful. 

The non-linear parabolic problem is solved by a 
combined implicit/explicit method. The algorithm for 
this scheme is taken as 

+(l-n)(~~,-2f~~+t~+,)]. (19a) 

The scheme becomes second-order accurate in time, 
and sixth-order accurate in space when [ 17, p. 1131 

RESULTS AND DISCUSSION 

The degree of non-linearity of the equations to be 
integrated is dependent upon the magnitude of cr$N. As 
the non-linearity effects the stability of the scheme, the 
value of the Courant number to be used with 
MacCormack’s method must be adjusted. The five 
different values of aJN considered in this work ranged 
from 0.0 to 10.0. The case clJN = 0.0 corresponds to no 
surface radiation, and for this case, the equations 
become linear. The radiation effects can be regarded as 
strong, for example for cc,/N = 10.0, and the resulting 
system is extremely non-linear. As a,iN is increased from 
0.0 to 10.0, the Courant number is decreased from 
v = 0.98 to v = 0.33. With decreasing v, oscillations in 
the solution increase, and the use of the modified 
equation becomes necessary. In this work, the modified 
equation was used in Fig. 1 for the case aJN = 10.0, for 
which v was taken as v = 0.33. For cc$N = 0.1, and 
CLJN = 1.0, a value of v = 0.91 was found to give good 
results without use of the modified equation. The 
modified equation was also used for each of the 
hyperbolic solutions presented in Figs. 2 and 3 in order 
to decrease the magnitude of the oscillatory spike at the 
wave front. 

Figure 1 shows the effects of the parameter a,/N on 
the variation of the surface temperature Q(O,c) with 
dimensionless time, 5 for four different values of a,/N. 
namely, 0.01, 0.1, 1.0, and 10.0. The results for the non- 
radiative case (i.e. a$N = 0.0) are also included. In 
order to compare the results obtained with the 
hyperbolic equation against the parabolic solutions, 
the curves are presented for both cases. The effects of 
hyperbolic heat conduction diminish after a certain 
time,and thesolutions converge to that obtainable with 
the parabolic equation. The stronger the surface 
radiation, the faster the convergence of the solutions. 
This is due to the overriding effect of radiation with 
increasingcrJN, incomparison toconduction. It should 
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FIG. 1. Effects of boundary radiation on surface temperature. 
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FIG. 2. Effects of boundary radiation on temperature distribution in the me&urn at 5 = 0.5. 
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FIG. 3. Effects of boundary radiation on temperature distribution in the medium at c = 1.0. 

be pointed out that the curves in this figure are plotted 
starting at 5 = A& rather than at l = 0.0. The parabolic 
solution approaches zero (the initial condition) as < 
goes to zero. However, this is not the case for the 
hyperbolic problem. When the hyperbolic solution is 
calculated for very small times, it is seen that the 
solution converges to some non-zero, finite value. This 
is consistent with the wave nature of hyperbolic heat 
transfer, in which there is an instantaneous jump in the 
surface temperature. This can be seen analytically for 
the case of no radiation at the boundary where the 
surface temperature, given by [ 111 

+ 2 
s 

‘e-‘I,(,/-) dr 1 9 (20) 
0 

equals unity as 5 approaches zero. 
The hyperbolic solutions presented in this figure 

include an initial modification to smooth the results. 
This is done to remove oscillations that occur in the first 
few time steps due to the discontinuity of the applied 
flux. The modification involves dividing the first 20 
time intervals into subintervals of duration At/lo. For 
5 > 2OA5, the time interval returns to At. As an 

example, consider the case clJN = 0.1. The solution is 
calculated from 5 = 0.0 to 2OA5, using 200 time steps. 
The solution at the 20 integer values of A.5 are then 
saved and the solution scheme proceeds, next 
calculating the solution at 5 = 21A5. Although this 
smoothing seems to work quite well, it could not 
remove all the oscillations for the very non-linear 
problems. As can be seen in the uJN = 10.0 curve, the 
solution shows a slight decrease before it starts a 
gradual rise. 

Figures 2 and 3 show the effects of radiation on 
temperature distributions in the medium at two 
different dimensionless times, 5 = 0.5 and 1.0, 
respectively. The results are presented for the values of 
the parameter aJN = 0.1, 1.0, and 10.0, as well as for the 
case of no radiation (i.e. aJN = 0.0). For comparison 
purposes, the solutions obtained with the parabolic 
equations are also presented in this figure. In these 
figures, 1000 time steps are used to compute the hyper- 
bolic solutions in the time interval between r = 
0.0 and the final time shown in the figure (i.e. t; = 0.5 for 
Fig. 2 and t = 1.0 for Fig. 3), whereas only 200 time 
steps are used for the parabolic cases. The hyperbolic 
solutions in both figures are observed to display 
numerical oscillations at the wave front. These 
oscillations are due to the dominance of the odd 
derivative error terms over the even derivative error 
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terms. For example, by multiplying the time step, say, 
by five, the oscillations could be eliminated, but the 
gradients at the wavefront would decrease due to the 
strong dissipative effects. Thus, to ensure a sharp wave 
front, the smaller time steps are preferred. 

As in Fig. 1, we again observe in Figs. 2 and 3, that 
convergence between the hyperbolic and parabolic 
solutions occurs more rapidly as the effect of the surface 
radiation increases. Until convergence is reached, the 
magnitude of the temperature predicted by the 
hyperbolic solution is larger than that of the parabolic 
solution. For the case involving no radiation, this is due 
to the fact that the total integrated energy in the 
medium must be equal for the two different types of 
conduction. When surface radiation is involved, the 
hyperbolic solution, as a result of the higher surface 
temperatures, loses more energy due to radiation than 
the parabolic solution. Thus with increased surface 
radiation, the difference between the hyperbolic and 
parabolic temperature profiles, and hence the time to 
convergence, decrease. In summary, the difference 
between the hyperbolic and parabolic heat conduction 
can be simply stated as follows: parabolic heat 
conduction involves a gradual increase in surface 
temperature and an infinite rate of energy diffusion, 
while hyperbolic heat conduction involves an 
instantaneous increase in surface temperature and a 
finite rate of energy diffusion. It is this difference that 
results in temperature variations for extremely short 
times. As shown above, the time for convergence of the 
two models is greatly reduced by the presence of surface 
radiation. 

The calculations for all the curves in Fig. 1 required 
about 25 s in the IBM 3081 computer, while each of the 
hyperbolic curves in Figs. 2 and 3 required about 83 s. 
The large amount of time required for Fig. 2 and Fig. 3 is 
due to the use of a large number of time intervals and the 
use of the modified equation for reduction of error. 
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CONDUCTION THERMIQUE HYPERBOLIQUE AVEC RAYONNEMENT SUPERFICIEL 

ReslnaL-On utilise une approche numerique Pour r&soudre la conduction themrique hyperbolique dans un 
milieu semi-infini od la front&e x = 0 est soumise a un flux de chaleur et dissipe la chaleur par rayonnement 
dam une ambiance a la temperature T,. Les rksultats sont cornpar& B ceux obtenus B partir de l%quation 

parabolique classique de la chaleur. 

HYPERBOLISCHE WARMELEITUNG MIT OBERFLACHENSTRAHLUNG 

Zusammenfasmmg-Ein numerisches Verfahren wird angewendet, um die hyperbolische Wkmeleitungs- 
gleichung fiir ein halbunendliches Medium zu l&en, bei dem die Berandung bei x = 0 von einem 
Wkmestrom durchflossen und Wiirme duich Strahlung.an die Umgebung der Temperatur T, abgegeben 
wird. Die Ergebnisse werden mit solchen verglichen, die aus der parabolischen Standard- 

Wiirmeleitungsgleichung erhalten wurden. 
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TMl-IEPEiOJIM9ECKOE YPABHEHHE TEIIJIOIlPOBOJJHOCTki C LIOBEPXHOC’THbIM 
ki3JlYYEHkiEM 

.hiIOTaUIISI-%iCJIeHHO pemaexn ranep6onwiecroe ypamesae ~ennonpoBonHocm B noayor pa~kiqC~- 

HOii Cpene, B KOTOPOti rpaHH&, IIpH X = 0 IIOJ,BepWZHa A‘ZiiCTBH&O IIOB‘ZpXHOCTHOrO TCIIJIOBOTO ITOTOIU H 

OTnaeT TCIUIO B OKp)‘KGUOL”,‘Io C&En,’ lI3JIyWHEW.M IIpH TeM,lepaType T, Pe3y,IbTaTbI CpaBHHBatoTCZJ C 

&lHHbIMB, tIOJIy’iCHHbIMH njlH pU.lIeHRH napa6onwiecKoro ypaBHCHFiS7 TCIIJIOIIPOBOAHOCTM. 


